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20.1 Conditional Probability

Essential Question: How do you calculate 3 conditional probablllty?

Finding Conditional Probabilities from -
a Two-Way Frequency Table

t A occurs given that event B has already occurred is called the
A given B and is written P(A | B).

ne week, participants were asked if they had
adache during the week. The two-w

Took medicin No medicine Total
~ Headache B n\ _‘:_\,,\]3, &‘\‘2;‘>‘ %
ﬁo headaché 54 | 52 o | 2 76 N 4

Total | 65 35 100 ﬁ

Let event A be the event that a participant did not get a headache. Let event B be the event that m C,\O’D c
a participant took the medicine.

=
*ttm%n

he probability that a participant who took the medicine \(\Ow AS

® To the nearest percent, what is t
did not get a headache?

(S wrrken.
b 5 participants took the medicine. So‘,AP(A IB) — 2 43: , 85 %. & ﬁ\ztﬁ;ﬁtnj
Of these,iﬂ did not get a headache. 3 !

de-tcrm?nes
4 ' e Aoted
To the nearest percent, what is the probability that a participant who did not get a headache

took the medicine?

"}LL participants did not get a headache. So, P(BIA) = 54— '_‘_‘_\ %.

Oof these,& took the medicine. q'Lp

@ Let n(A) be the number of participants who did not get a headache, n(B) be the number of
participants who took the medicine, and n(A N B) be the number of participants who took

the medicine and did not get a headache.
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Express P(A | B) and P(B|A) in terms of n(A), n(B), and n(A N B).
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Reflect

1.  For the question “What is the probability that a participant who did not get a headache
took the medicine?”, what event is assumed to have already occurred?

2. In general, dou it appear that P AIB (Bl 4)? Why or why not?

P(AB) a.nd’P(’ByM ae vet, ol

Finding Conditional Probabilities from
a Two-Way Relative Frequency Table

You can develop a formula for P(A | B) that uses relative frequencies (which are probabilities) rather than

frequencies (which are counts).

Took medlcme 1 No medlcme Total 5 I
Headache 1 o ~~ vﬁv{si 24 !
No headache 54 '} 7 22 76 1
‘Total ‘ 65 35 100

@ To obtain relative frequencies, divide every number in the table by 100, the total

number of participants in the study.

i Took medlcine

No medlcme

Headache | [

AD

Total

24

' No headache

.54—
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. Total
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Recall that event A is the event that a participant did not get a headache and that event
B is the event that a participant took the medicine. Use the relative frequency table from
P(B), and P(A N B).

PN = 0.3, PB: 0.5 PAMR)z, 54

Step A to find P(A),

© In the first Explore, you found the conditional probabilities P(A | B) &~ 83% and
P(BIA) ~ 71% by using the frequencies in the two-way frequency table. Use the relative
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frequencies from the table in Step A to find the equivalent conditional probabilities.

y

P(A|B) = i

P(B) =_06
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@ Generalize the results by using n(S) as the number of elements in the sample space
(in this case, the number of participants in the study). For instance, you can write
/' PA) = 1'%\- Write each of the following probabilities in a similar way. - Ol d(\/l‘dc

% n(A N B) :
\ - CALE ) c&;wbms
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p(B) = DL AN B) = SR8 P(A|B) = “Eé;)=P(AnB‘), (o) to
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Reflect
3. Why are the two forms of P(A N B), "(':(r;)m and H':(;‘)B‘, equivalent?

4.  Whatis a formula for P(B| A) that involves probabilities rather than counts? How do you

obtain this formula from the fact that P(B | A) = "(A(:)B )
n

2

Using the Conditional Probability Formula

In the previous Explore, you discovered the following formula for conditional probability.

. Conditional Probability

The conditional probability of A given B (that is, the probability that event A occurs given
that event B occurs) is as follows: ﬂou

P(AIB):I)(AT(OB)E)- {CnoLo
“as

Example1 Find the specified probability.

For a standard deck of playing cards, find the probability that a

red card randomly drawn from the deck is a jack. f%i”:‘?‘il’??'ﬂiﬁ
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s aonsidereda face cad

‘oo Values.
Step I Find P(R), the probability that a red card is drawn from the deck.
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There are 26 red cards in the deck of 52 cards, so P(R) = g—g—

Step 2 Find P(J N R), the probability that a red jack is drawn from the deck. .

@

There are 2 red jacks in the deck;so P(JN R) = slz
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Step 3 Substitute the probabilities from Steps 1 and 2 into the formula for conditional

probability. 3 o
P{JNR &
P(J|R) = »P‘T).z;;; - dl\(ldé *U’Y, I’\UIYY(@{
5 bg Ahe rwp@cal
Step 4 Simplify the result
2
. .52
52 2 1
MR =% =T
5 52

For a standard deck of playing cards, find the probability that a jack randomly drawn
from the deck is a red card.

Step 1 Find P(J), the probability that a jack is drawn from the deck.

4

There are 4' jacks in the deck of 52 cards, so P(J) = 5

Step 2 Find P(J N R), the probability that a red jack is drawn from the deck.

There are 2 red jacks in the deck, so PJNR) = TR

Step 3 Substitute the probabilities from Steps 1 and 2 into the formula for conditional
probability.

2

52
Step 4 Simplify the result. '
- you con also (U
?5——2 L A g‘)r‘t@ Hhese £ uwnat
P(J|R) = === «(;‘ncg o
L R A /2
52 Z‘ — 2

Your Turn

5. For a standard deck of playing cards, find the probability that a face card randomly
drawn from the deck is a king. (The ace is not a face card.)

W12 PEAF A g

52 D2 2 5 o
A -
oY
6. For a standard deck of playing cards, find the probability that a queen randomly drawn
from the deck is a diamond. I

& Hem:L Bz
rE T
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7. When calculating a conditional probability from a two-way table, explain why it doesn't
matter whether, the table gives frequencies or relative frequencies

8. Discussion Is it possible to have P{B|A| = P{A|B) for some events A and B? What
conditions would need to exist?

9. Essential Question Check-In In a two-way frequency table, suppose event A represents
a row of the table and event B represents a column of the table. Describe how to find the
conditional probability P(A | B} using the frequencies in the table.

@ Evaluate: Homework and Practice

+ Online Homework
In order to study the relationship between the amount of sleep a student gets and + Hints and Help

his or her school performance, a researcher collected data from 120 students, The  Extra Practice

two-way frequency table shows the number of students who passed and failed an
exam and the number of students who got more or less than 6 hours of sleep the
night before. Use the table to answer the questions in Exercises 1-3.

- Passedexam | Failed exam Total
ﬁe:; th:n 6 hoursiof sleep ; 12 10 22
; More than 6 hours of sleep | 90 8 98
 Total 102 18 120
1. To the nearest percent, what is the probability that a student who failed the exam got
less than 6 hours of slgép? 2 0’\ < loo\. @ \}jfﬂ:t
O - 9 Was Oaten st oo
5 a defermines Jne ot
2, To the nearest percent, what is the probability that a student who go t less than 6 hours

" of sleep failed the exam?.
O \OO\L@ (.Aj(\&t
e 5 ~ 4—50/ as L en R

22- det@m;ncs —te’cﬂ«l :
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3. To the nearest percent, what is the probability that a student got less than 6 hours of
sleep and failed the exam?

-this s OVa,(-{fm«total g e

e B ¥ A

4. You have a standard deck of playing cards from which you randomly select a card.
Event D is getting a diamond, and event F is getting a face card (a jack, queen, or
king).

n(DnF) P(DNF)

and P(DIF) = )

P

Show that P (D | F

II

are equal.

The table shows data in the previous table as relative frequencies (rounded to the
nearest thousandth when necessary). Use the table for Exercises 5-7.

Passed exam | Failed exam Total
Less than 6 hours of sleep 0.100 0.083 0.183
More than 6 hours of sleep 0.750 0.067 0.817
Total 0.850 0.150 1.000

5. To the nearest percent, what is the probability that a student who passed the exam got
more than 6 hours of sleep?

W0k 37 = &>. L%
B 0h b

6. To the nearest percent, what is the probability that a student who got more than
6 hours of sleep passed the exam?

20 . g8 =~ 91.8%
eXE

7.  Which is greater, the probability that a student who got less than 6 hours of sleep
passed the exam or the probability that a student who got more than 6 hours of sleep
failed the exam? Explain.

; ‘Ook.%:t’)%(oo/o O(.Pq' =, CAL= 82.?'0

FIed< . 61_-{—
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10. P(A|C
AN

You randomly draw a card f; k of playing cards

rom a standard deck of playing cards. Let A be the
event that the card is an ace, let B be the event that the card is black, and let C be 2 b \ O‘C/k'
the event that the card is a club, Find the specified probability as a fraction. A CES

8. Pal|s) faces | e pBlA) WoS
’PgAne)_ g 52 cads DlANR). L. < =2
P& 13 PN - 2 2bladkcaces

4 aceS

v 1. KclA)
_ L lace-cb  PANC) - L %95
P(C) 1B Ddubs PN 4

12. P(B|C

) 13. P(C|B) =3
ack. cacd leluoace
CITOF \ %ﬁ“ ?/pcejd x Jz' 2 black aces

———

PLC)

14. A botanist studied the effect of a new fertilizer by choosing 100 orchids and giving
70% of these plants the fertilizer. Of the plants that got the fertilizer, 40% produced
flowers within a month. Of the plants that did not get the fertilizer, 10% produced
flowers within a month.

a. Use the given information to complete the two-way frequency table.

Received | Did not receive

fertilizer fertilger Total
-2 = AL =
Rl o) | 23 | L9
Flowered in one -4‘(4& i ‘630)
month 265 2 5(
30" 30 oo

b. To the nearest percent, what is the probability that an orchid that produced
flowers got fertilizer?

“)6 .= C !{_.,‘-'T?'i)c, 0

>

¢. To the nearest percent, what is the probability that an orchid that got fertilizer

o~

produced flowers? -

,) bl } e ':’.:f
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15. Ata school fair, a box contains 24 yellow balls and 76 red balls. One-fourth of the
balls of each color are labeled “Win a prize." Match each description of a probability

with its value as a percent. /B

A. The probability that a randomly selected 76%
ball labeled “"Win a'prize” is yellow . i '

B. The probability that a randomly selected D 25%
ball labeled “Win a prize” is red '

C. The probability that a randomly selected A 24%
ball is labeled “Win a prize” and is red

D, The probability that a randomly selected C 19%

yellow ball is labeled “Win a prize”

16. A teacher gave her students two tests. If 45% of the students passed both tests and
60% passed the first test, what is the probability that a student who passed the first
test also passed the second?

4D A5 =A5%-
. (0O |

17. You randomly select two marbles, one at a time, from a pouch containing blue and
green marbles. The probability of selecting a blue marble on the first draw and a
green marble on the second draw is 25%, and the probability of selecting a blue
marble on the first draw is 56%. To the nearest percent, what is the probability of
selecting a green marble on the second draw, given that the first marble was blue?

S ~ 45z 4D
D
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You roll two number cubes, one red and one blue. The table shows the probabilities

for events based on whether or not a 1 is rolled on each number cube. Use the

table to find the specified conditional probability, expressed as a fraction. Then
show that the conditional probability is correct by listing the possible outcomes

as ordered pairs of the form (number on red cube, number on blue cube) and
identifying the successful outcomes.

" Rollingalonthe | Notrollinga1on
Hise R red cube the red cube Jotal
Rolling a 1 on the 1 5 X
 blue cube 36 36 6
' Notrollinga1on 5 25 el
the blue cube 36 36 6
Total 2 = 1
R £ 6 6

18. P(not rolling a 1 on the blue cube | rolling a 1 on the red cube)

= 5

3o

—/_—':3(-0

" .

Lo

—p O it

IR

—

R 2

19. P(not rolling a 1 on the blue cube | not rolling a 1 on the red cube)

s

5L
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20. The table shows the results of a quality-control study at a computer
factory.

{ HShlﬁﬁed J Not shipped Total
Defective | & 7 Wi
Notdefective | 8 | 1 | 90
Total | 2 [ s 100

a. To the nearest tenth of a percent, what is the probability that a
shipped computer is not defective?

b. To the nearest tenth of a percent, what is the probability that a
defective computer is shipped?

&) __El A3 ~UeF %

H.O.T. Focus on Higher Order Thinking

21. Analyze Relationships In the Venn diagram, the circles
representing events A and B divide the sample space S into four
regions: the overlap of the circles, the part of A not in the overlap, the
part of B not in the overlap, and the part of S not in A or B. Suppose
that the area of each region is proportional to the number of outcomes
that fall within the region. Which conditional probability is greater:
P(A|B) or P(B|A)? Explain.
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22. Explain the Error A student was asked to use the table shown to find the
probability, to nearest percent, that a participant in a study of a new medicine for

. migraine headaches did not take the medicine, given that the participant reported no
headaches.
_— — St .
Took medicine | No medicine Total

4 Headache ' 1 ; 13 24
' No headache 54 : 22 76

Total 65 35 100

C'%( (2

The student made the following calculation. - o Wdﬂ&h‘é b
P(no medicine | no headache) = % ~ 0.63 = 63% NO N\CA teAne

Explain the student’s error, and find the correct probability.

3 C\DCZQ'—L ~29°9
Shaud - 29 =29%

23. Communicate Mathematical Ideas Explain how a conditional probability
based on a two-way frequency table effectively reduces it to a one-way table. In your
‘l’ explanation, refer to the two-way table shown, which lists frequencies for events A, B,
and their complements. Highlight the part of the table that supports your explanation.

A NotA Total
B n(ANB) n(notANB) n(B)
Not B n(ANnotB) n(notANnot B) n(not B)
Total n(A) n(not A) n(s)
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